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Abstract 

Let £j := + k 2 qj(x), k = const > 0, j = 1,2, < c < 

Qj{ x ) < c i5 9 has finitely many discontinuity points x m £ [0,1], and is 
real-analytic on the intervals [xm,x m +i] between these points. The set 
of such functions q is denoted by M. Only the following property of M 
is used: if G M, j — 1,2, then the function p(x) := q2(x) — qi(x) 
changes sign on the interval [0, 1] at most finitely many times. Suppose 
that (*) f Q p(x)ui(x, k)u2{x, k)dx = 0, Vfc > 0, where p G M is an 
arbitrary fixed function, and Uj solves the problem ljUj =0, < x < 
1, u'j(0,k) = 0, Uj (0, k) — 1. If (*) implies h = 0, then the pair {£ 1 , £2} 
is said to have property C on the set M. This property is proved for the 
pair {£1,12}- Applications to some inverse problems for a heat equation 
are given. 



MSC: 35R30, 74J25, 34E05 

Key words: Property C, inverse problems, heat equation, discontinuous coeffi- 
cients. 



1 Introduction 

Property C stands for completeness of the set of products of solutions to ho- 
mogeneous equations. This notion was introduced by the author in pj] , [3] , [5] , 
and used widely as a powerful tool for proving uniqueness theorems for many 
inverse problems ([5]-[TT]). In [H] Property C was proved for the pair of op- 
erators {J^ + k 2 - qi(x), -£2 + k 2 - q 2 (x)}, where qi,q 2 G £14 := {q : 
q = q, Jq°°(1 + x)\q(x)\dx < 00}. The novel point in our paper is the proof of 
Property C for the pair of differential operators with a different dependence on 
the spectral parameter. This new version of Property C turns to be basic, for 
example, in the proof of uniqueness theorem for an inverse problem for a heat 
equation with a discontinuous thermal conductivity. 

The aim of this paper is to prove Property C for the pair {£1,12}, where 
£j := + k 2 qj(x), k — const > 0, j = 1, 2, < Co < qj(x) < c\ < 00, Co, ci 

are constants, qj(x) £ M, and M is the set of real- valued integrable functions 
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such that if qj G M, j = 1,2, are arbitrary members of M, then the function 
p(x) :— q2(x) — changes sign at most finitely many times on the interval 

[0, 1]. For example, M can be a set of piecewise-analytic real- valued functions 
with finitely many discontinuity points on the interval [0, 1] (see [5]). 

Definition 1. Let h G M be an arbitrary fixed function, and 

i j u j (x,k)=0, u' j (0,k) = 0, Uj(0,k) = l, < x < 1. (1) 

// the orthogonality relation 
1 

h(x)ui(x, k)u2{x, k)dx = Vfc > 0, (2) 

implies h = 0, then we say that the pair {£1,(2} has Property C for the set M. 

Our first result is : 
Theorem 1. The pair {£1,^2} has Property C for the set M. 

Let us give an example of applications of Property C. Consider the problem: 

dll 

U t = (a(x)U')', < x < 1, t > 0; [/':=—, (3) 

ox 

U(x,0)=0; C/(0,t) = 0, U(l,t)=F(t), (4) 
a(l)U'(l,t) = G(t). (5) 

Assume that 

< c' Q < a(x) < c[ < 00, a(x) G M, c' a , c[ = const. (6) 

The function F(t) ^ 0, F(t) > 0, F(t) = if t> T, where T > is an arbitrary 
fixed number, and F G L 1 ([0,T]). Problem (J3])-((1]) has a unique solution. The 
function G{t) is the measured datum (extra datum), which is the heat flux at 
the point x = 1. The inverse problem is: 
IPi: Given {F(t), G(t)} Vf >o, find a(x). 

The function a(x) G M may have finitely many discontinuity points, and the 
solution to is understood in the weak sense. 

Let us formulate the IP\ in an equivalent but different form. Let 



(7) 



v(x,X):= U{x,t)e- Xt dt, /(A) = / F{t)e- Xt dt, 
Jo Jo 

/>oo 

g(\) = / G(t)e~ xt dt. 
Jo 

Take the Laplace of §5§ -([5]) and get 

- (a(x)v')' + Xv = 0, 0<x<l, A > 0, (8) 
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Let u(x, A) 



w(0,A) = 0, «(1,A) = /(A), a(l)v'(l,X)=g(X). 
a(x)v'(x,X). Differentiate ((5J) and get 



(9) 



u" + Xa~ 1 (x)u = 0, < x < 1, u'(0,A)=0, 
u(l,A)= 5 (A), u'(l,A) = A/(A). 



(10) 
(11) 



LetA = fc 2 , k > 0, a _1 (:c) := <j(x). Then 

- u" + k 2 q(x)u = 0, 0<i<1, u'(0,fc 2 ) = 0, u(l,k 2 ) =g(k 2 ), (12) 

and the data are {g(k 2 ), fc 2 /(fc 2 )}yfc>o- The IP can be reformulated as follows: 
IP2: Given the data {g(k 2 ), k 2 f(k 2 )}yk>o, find q(x). 
Our second result is: 

Theorem 2. The IP% has at most one solution. 

Theorem 2 implies the uniqueness of the solution to IPi in the class of the 
piecewise- analytic strictly positive functions a(x) with finitely many disconti- 
nuity points on the interval [0, 1], or, more generally, in a class M. 

In the literature IPi has been considered earlier (see, e.g., [9], [10] and refer- 
ences therein) in the case when a(x) € -ff 2 ([0, 1]), where H 2 is the Sobolev space. 
For piecewise-constant thermal conductivity coefficients a(x) with finitely many 
discontinuity points the IPi was studied recently in [2]. An inverse problem 
for equation ^ with different extra data, namely U(£ n ,t) Vt > 0, S [0,1], 
1 < n < N, mini< n <jv \Cn — Cn+il > ^ > 0, where a is a fixed number, N = 3is, 
and v is the number of discontinuity points of a(x), was studied in [T]. In IPi 
the extra data are collected at just one point x = 1. 

Our arguments prove the uniqueness result for Theorem 1 in the case when the 
data in IPi are the values {F(£), G(t)}vte[o,o,r+e] for an arbitrary small e > 0. 
These data determine a(x) uniquely because the solution U(x,t) is an analytic 
function of t in a neighborhood of the set (T, 00), so the knowledge of U(x,t) 
on the segment [0, T + e) determines U(x, t) uniquely for all t > 0. 
In Section 2 proofs are given. 



Uj(x, k) = 1 + k 2 I (x — s)qj(s)uj(s, k)ds : x>0, j = 1,2. (13) 



This is a Voltcrra equation. It has a unique solution Uj(x, k). This solution has 
the following properties: 



2 Proofs 



Proof of Theorem [7J The solution to JTJ) solves the equation 




Uj(x,k)>l, u' j (x,k)>0, vf-(x,k)>0, 0<x<l, 



(14) 



d l Uj 
Jdk 2 ) 



->0, f = 1,2,3,... 



(15) 
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lim u i^ ,k ) =o, < y < x < 1. (16) 

fc^oo Uj[X, K) 



Properties (fT4 j) -(|T5 |) are immediate consequences of (|13|) . Let us prove (|T6 
One has 



Uj(x, k) — Uj(y, k) + / u'Js,k)ds. (17) 
Jy 

From (fl3|) and (fT4| one obtains 

u'j(x,k)=k 2 / qj(s)uj(s, k)ds > k 2 I qj(s)ds. (18) 
Jo Jo 

From equations (fT7|) and (fl8|) one gets: 

«i(a?, *o = 1 , r u ' 3 ( s > k ) ds = 1+k 2 r ii^)^i^ids 



u j(y? k ) Jy u j(y? k ) Jy u i(y, k ) 

f x f s l 

> 1 + k / ds qj(z)ds > 1 + — k cq{x — y) — > oo as /c — > oo. 

(19) 

Thus, (Unj) is proved. 

Since ft G M, the segment [0, 1] is a union of finitely many intervals without 
common interior points on each of which the function h{x) keeps sign. Let [z, 1] 
be such an interval. We want to prove that ft = on this interval. If this is 
done then similarly, in a finite number of steps, one proves that ft = on the 
whole interval [0, 1], and then the proof of Theorem 1 is completed. 

Let us rewrite relation © as 

1 f Z 

h(x)ui(x, k)u 2 (x, k)dx = — I h(x)ui(x, k)u2(x, k)dx 

J° (20) 
< ui(z, k)v,2(z, k) / \h(x)\dx, 



where the monotonicity and the positivity of Uj was used, see (|T4l) . Without 
loss of generality assume that h(x) > on [z, 1] and fix an arbitrary y 6 (z, 1). 
Then 



h(x)ui(x, k)u2(x, k)dx > / h(x)dx ui(y, fc)M 2 (y, k). (21) 

Jy 

From (gOD and (EH) on e gets: 

1 h(x)dx < Ul( f> fj" 2 ^' f. [ Z \h(x)\dx, y>z. (22) 



v 



ui(y,k)u 2 {y,k) J 



Let k — ► oo in (f2"2")) and use (fTB]) to get f h(x)dx = 0. Since h(x) > on [z, 1], 
it follows that ft — on [y, 1]. Since the point y G (z, 1) is arbitrary, it follows 
that ft = on [z, 1]. 
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Theorem [T] is proved. □ 

Proof of Theorem^ Assume the contrary, i.e., there are pairs of functions 
{ipi, qi} and {ip2, 92} which solve (fl"2"l) and (jTTj) with X — k 2 . Let w — ipi — ip2- 
Then 

w'(0,k) = io(l, ft) =w'(l,k) = 0, (23) 

and 

- u>" + k 2 qi{x)w — k 2 p(x)ip2, p(x) := 9i{x) — qi(x). (24) 

Multiply (f2~4")) by U\{x, k), integrate over [0, 1], and then integrate by parts using 
([2"3"|) . The result is: 

k 2 [ p(x)ui(x,k)ip 2 (x,k)dx = Vfc > 0. (25) 
Jo 

Since ip2{x) — c(k)u2(x, ft), where c(fc) = const ^ 0, and p S M, it follows from 
(|2"5"|) and Theorem [T] that p = 0, so qi = q 2 . 

Theorem [5] is proved. □ 
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